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We study vacuum birefringence and x-ray photon scattering in the head-on collision of x-ray free
electron and high-intensity laser pulses. Resorting to analytical approximations for the numbers of
attainable signal photons, we analyze the behavior of the phenomenon under the variation of various
experimental key-parameters and provide new analytical scalings. Our optimized approximations
allow for quantitatively accurate results on the one-percent level. We in particular demonstrate
that an appropriate choice of the x-ray focus and pulse duration can significantly improve the signal
for given laser parameters, using the experimental parameters to be available at the Helmholtz
International Beamline for Extreme Fields at the European XFEL as example. Our results are
essential for the identification of the optimal choice of parameters in a discovery experiment of
vacuum birefringence at the high-intensity frontier.
I. INTRODUCTION
Quantum field theory predicts the quantum vacuum
to be characterized by the omnipresence of vacuum fluc-
tuations. Vacuum fluctuations involving virtual charged
particle-antiparticle pairs generically give rise to effec-
tive nonlinear couplings between electromagnetic fields,
supplementing Maxwell’s classical theory of electromag-
netism in vacuo with nonlinear interactions. The high ac-
curacy of classical Maxwell theory for the description of
the physics of macroscopic electromagnetic implies that
these quantum corrections are very small. This suggests
the possibility of a perturbative expansion of the quan-
tum vacuum nonlinearities in powers of the prescribed
electromagnetic fields.
Demanding the effective theory accounting for
the vacuum-fluctuation-mediated interactions between
macroscopic electromagnetic fields ( ~E, ~B) to be local in
the electromagnetic field, to respect Lorentz and gauge
invariance, and to exhibit a charge conjugation parity
symmetry, the leading nonlinear interaction is a four-
field interaction. More specifically, these assumptions
constrain the leading nonlinear correction to classical
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where a and b denote dimensionless coefficients; cf., e.g.,
Refs. [1, 2]. Here, Ecr = m
2
e/e ' 1.3 × 1018 V/m is the
so-called critical electric field defined in terms of the el-
ementary charge e and the electron mass me. The next-
to-leading interaction couples six fields and thus is para-
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metrically suppressed with (E/Ecr)
2  1. The explicit
values of a and b depend on the details of the underlying
quantum field theory, such as, e.g., its particle content.
Specializing to quantum electrodynamics (QED), and
accounting for quantum vacuum fluctuations up to
two loop order, these dimensionless coefficients become


















where α = e2/(4π) ' 1/137 is the fine structure constant.
One of the most prominent signatures of quantum vac-
uum nonlinearity in macroscopic electromagnetic fields is
vacuum birefringence [7]: as a consequence of the effec-
tive interaction of electromagnetic fields originally lin-
early polarized light traversing a strong-field region can
pick up a small ellipticity, attributing a birefringence
property to the quantum vacuum. This gives rise to sig-
nal photons N⊥ scattered into an originally empty, per-
pendicularly polarized mode constituting the signature of
quantum vacuum nonlinearity. Though actively searched
for in experiments employing quasi-constant magnetic
fields in combination with continuous-wave lasers and
high-finesse cavities [8–10], so far this effect has never
been verified in a controlled laboratory experiment.
The number of attainable signal photons scales
quadratically with the frequency of the probe and the
intensity of the pump field, as well as linearly with the
number of photons available for probing. This has trig-
gered theoretical proposals suggesting the use of an x-ray
free electron laser (XFEL) as probe and a high-intensity
laser as pump; cf., e.g., Refs. [11–20]. The experimen-
tal signature of vacuum birefringence becomes maximum
for the head-on collision of the driving laser fields. In
the past years it was in particular emphasized that espe-
cially for the scenario involving focused laser beams, vac-
























FIG. 1: Schematic illustration of the considered collision scenario. The x-ray probe (4) propagates in negative z direction and
collides head-on with the high-intensity pump (3). Both beams are axially symmetric; φ is the angle between the polarization
vectors of the probe ~E(x) and pump ~E(x) beam. The signals of vacuum birefringence and diffraction are encoded in x-ray signal
photons emitted under an angle of ϑ  1 with respect to the forward beam axis of the probe, and to be detected in the far
field. The angle between the polarization vectors of the probe ~E(x) and the signal photons ~ep is ψ.
tering phenomenon resulting in a different far-field angu-
lar decay of the signal photons [17–20]. This scattering
phenomenon is not limited to the vacuum birefringence
signal, but rather amounts to a generic property exhib-
ited by arbitrarily polarized probe photons traversing a
spatio-temporally localized strong field region, and thus
provides an additional experimental signature of quan-
tum vacuum nonlinearity. See Ref. [21] for recent activi-
ties towards measuring the x-ray scattering phenomenon
in experiment.
So far, no systematic studies of the parameter depen-
dencies of the combined signatures of vacuum birefrin-
gence and diffraction for experimentally realistic param-
eters are available. Such an analysis is obviously very
important for the planning and optimization of the quan-
tum vacuum signatures in upcoming experiments. Re-
sorting to quantitatively accurate analytical approxima-
tions for the differential numbers of signal photons attain-
able in experiment, in this work we perform a detailed
study of various parameter dependencies. We in partic-
ular demonstrate that an appropriate choice of the x-ray
focus and pulse duration can significantly improve the
signal for given laser parameters, using the experimental
parameters to be available at the Helmholtz International
Beamline for Extreme Fields (HiBEF) at the European
XFEL as example.
Our paper is organized as follows: in Sec. II we con-
struct an improved analytic approximation for the dif-
ferential number of signal photons encoding the signa-
tures of vacuum birefringence and x-ray photon scatter-
ing in the head-on collision of an XFEL probe with a
high-intensity laser pump. In Sec. III we detail our as-
sumptions for the parameters characterizing the experi-
mental parameters available at HiBEF at the European
XFEL. Subsequently, in Sec. IV we introduce three dif-
ferent experimental observables for vacuum birefringence
and x-ray photon scattering, and in detail discuss their
dependencies on the parameters of the driving laser fields.
Our main focus is on the question of how to optimize the
signal for given experimental parameters. Finally, we end
with conclusions and a brief outlook in Sec. V.
II. SIGNAL PHOTON NUMBERS
Throughout this work, we consider the head-on colli-
sion of a loosely focused x-ray probe with a tightly fo-
cused optical high-intensity laser pump at zero impact
parameter; see Fig. 1 for a graphical illustration. Both
beams are expected to be well-described as linearly polar-
ized paraxial Gaussian beams, endowed with a temporal
Gaussian pulse envelope. The field profile of the pump




















with peak field amplitude E0, oscillation frequency Ω, and
pulse duration τ ; r is the radial coordinate. The beam
radius w(z) = w0
√
1 + (z/zR)2 describes the widening of
the beam as a function of the longitudinal coordinate z;
w0 is the beam waist and zR = πw
2
0/λ is the Rayleigh





denotes the radius of cur-
vature of the wavefronts and arctan(z/zR) is the Gouy
phase.
As it focused more loosely, for the x-ray probe it is jus-
tified to use the infinite Rayleigh length approximation,
such that its field profile reads










with pulse duration T , photon energy ω, beam waist wx,
and peak field amplitude E0. The peak field amplitudes
can be expressed in terms of the respective laser pulse















where W is the laser pulse energy of the high-intensity
laser and N is the number of photons constituting the
x-ray beam. The far-field angular decay of the latter as
function of the polar angle ϑ  1 measured from the








The superposition of the probe and pump laser pulses
gives rise to signal photons of polarization p and wavevec-
tor ~k = k(cosϕ sinϑ, sinϕ sinϑ, cosϑ) encoding the sig-
nature of quantum vacuum nonlinearity in experiment
[24, 25]. The experimental signatures of vacuum bire-
fringence and diffraction are x-ray signal photons of en-
ergy k ' ω, which for kinematic reasons are predomi-
nantly emitted into the forward cone of the probe laser
beam, such that generically ϑ 1. In this limit, the po-
larizations of the signal photons can be spanned by the
vector ~ep ' (cosψ, sinψ, 0) and thus be parameterized
by the single angle parameter ψ. Choosing the polar-
ization vector of the probe without loss of generality as
~E(x) ∼ (1, 0, 0), an angle of ψ = π/2 corresponds to po-
larization flipped signal photons, such that p →⊥. On
the other hand ψ = 0 would correspond to signal pho-
tons polarized parallel to the probe, i.e., p →‖. For the
head-on collision of the driving laser pulses at zero im-
pact parameter as considered here, the signal moreover
exhibits a rotational symmetry about the beam axis, i.e.,
does not explicitly depend on the polar angle ϕ. In turn,
all the nontrivial information about the signal is encoded
in the differential number dNp/dcosϑ ' dNp/(ϑ dϑ). See
Fig. 1 for an illustration.
Accounting for generic polarizations of the signal [26]
and specializing to the rationally symmetric case for the
x-ray probe at zero impact parameter, the analytical ap-





































with numerical coefficients c± = a± b, and

















See Ref. [19] for analytic expressions of this function in
various limiting cases. Here, w ≥ w0 denotes the effective
waist of the pump beam, which characterizes the trans-
verse extent of the interaction volume. Reference [19]
TABLE I: Relative deviation |1 − N⊥/N full⊥ | of the numbers
of polarization-flipped signal photons N⊥ obtained from the
approximation (7) and the corresponding exact results N full⊥
obtained in Ref. [18]. Here, we compare the accuracy of the
naive choice of w ' 1.15w0 for the effective waist and our
new advanced identification via Eq. (9) for different choices
of the probe waist wx; λ = 800 nm, τ = T = 30 fs, w0 = 1µm,
ω = 12914 eV.





fixed the effective waist by averaging the beam radius
w(z) over one Rayleigh length, yielding w ' 1.15w0.
Adopting this choice, a reasonable agreement with the
results of a full numerical integration [18] for the same
parameters was demonstrated. For the different cases
considered there, the relative deviations in the integrated
signal photon numbers were below 15%; see Table I of
Ref. [19].
In the present work, we use a more advanced strategy
to fix the effective waist w, namely we choose it such that
that for ϑ = 0 the approximate result for the differential
number of signal photons (7) matches the result of an ex-
act evaluation of the same quantity; the latter is stated
in Eqs. (19)-(21) of Ref. [18]. Remarkably, for ϑ = 0 this
exact result can be integrated analytically over the longi-
tudinal coordinate for axially symmetric beams colliding
at zero impact parameter; it can be expressed in terms
of function defined in Eq. (8). This identification results
in the following identity,
(
1 + 2(wxw )
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which can be readily solved for w.
Equation (9) implies that the effective waist is fully
determined by geometric properties: it is a function of
the pulse durations and waist sizes of both the pump
and the probe beams as well as the Rayleigh length of
the pump. We emphasize the difference to the naive,
solely w0-dependent choice of w ' 1.15w0 in all parame-
ter regimes.
In a wide range of parameters the effective waist de-
fined by Eq. (9) indeed turns out to vary in the range
1 . w . 1.15w0. However, specifically for small zR and
large wx, also significant deviations from these values are
possible. See Tab. I for a comparison of the accuracy
of our new identification and the choice of w ' 1.15w0
adopted previously [19].
Table I clearly showcases the superiority of our new
identification: for all considered cases the relative devi-
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ation is below 1%. Hence, in combination with Eq. (9),
Eq. (7) allows for a very accurate description of the dif-
ferential number of signal photons. Due to its analytical
nature, our expression can be straightforwardly differen-
tiated. This opens up new opportunities, such as identify-
ing the optimal parameters maximizing the effect, while
analytically accounting for additional experimental pa-
rameter dependencies.
For convenience, in the remainder of this work we em-














Besides, we limit our discussion to the number of
polarization-flipped signal photons N⊥ and the total
number of signal photons attainable in a polarization in-
sensitive measurement Ntot. As noted above, the former
is obtained by setting ψ = π/2, and the latter follows
upon summing over two perpendicular signal polariza-
tions, i.e., adding the results for ψ and ψ → ψ + π/2.
Explicitly accounting for Eq. (9), using the nota-

































F0 Fβ . (11)
We emphasize that the measurement of the signal pho-
ton numbers in two different polarization states, such as
Ntot and N⊥ for given φ, or Ntot for two different relative
polarizations of the driving beams φ, allows for the in-
dividual extraction of the coefficients a and b in Eq. (1).
Standard birefringence experiments only provide access
to the difference a− b; cf. the second line of Eq. (11).
Presuming that QED yields the dominant contribu-
tion, subsequently we adopt the QED predictions for a
and b in Eq. (2) and study how to achieve an optimal
signal for the possible parameter available at HiBEF at
the European XFEL.
III. EXPERIMENTAL PARAMETERS AVAILABLE AT
THE EUROPEAN XFEL
The numbers of probe photons N per pulse available
at the European XFEL depend on the desired photon
energy ω, as well as the pulse duration T employed for
the experiment [27]. This dependency was not accounted
for in previous studies. To achieve the largest possible
values for N , we choose the highest possible FEL electron
energy of 17.5 GeV. The relevant parameters for HiBEF,
which is located at the High Energy Density instrument,
are detailed in Tables C.1-C.6 of Ref. [27].
Aiming at the study of polarization-flipped signal pho-
tons we moreover choose a probe photon energy of
ω = 12914 eV. For this energy the possibility of high-
definition polarimetry was successfully demonstrated in
experiment using Bragg reflections at silicon crystals
[28], and the present polarization purity record of P '
1.4×10−11 was achieved with four reflections. See Tab. II
for the XFEL photon numbers for various possible pulse
durations at precisely this photon energy.
Another important issue is that the channel-cut po-
larizer employed to achieve the high-definition polariza-
tion state of the x-ray beam needed for a vacuum bire-
fringence experiment generically increases the pulse du-
ration of the x-ray beam. The corresponding increase
TFWHM → TFWHMP can be estimated along the lines of
Refs. [29, 30]; cf. Ref. [31] for more details. Assuming
Gaussian temporal pulse profiles before1 and after the
four reflections in the channel-cut we obtain the values of
the pulse durations TFWHMP listed in Table II. We empha-
size that this implies that for studies of the polarization-
flipped signal the probe pulse duration has to be identi-
fied with TP ; the original XFEL pulse durations T are
only available for polarization insensitive measurements.
For the high-intensity laser pump we adopt the param-
eters of the 300 TW Relativistic Laser at XFEL (ReLaX)
system installed at HiBEF, delivering pulses of energy
W = 10 J and duration τFWHM = 30 fs at a wavelength
of λ = 800 nm, focused to a waist size of w0 = 1.7µm
(HWHM value 1µm). Note that FWHM pulse durations
are related to 1/e2 pulse durations as τ ' 1.7 τFWHF.
TABLE II: Numbers of probe photons N per pulse available
at the European XFEL as a function of the full width at half
maximum pulse duration TFWHM for a photon energy of ω =
12914 eV. A polarizer generically modifies the incident pulse
duration as TFWHM → TFWHMP . In the third column we give
the corresponding pulse durations TFWHMP after traversing a
four-reflection silicon channel-cut polarizer.
# TFWHM[fs] TFWHMP [fs] N
(1) 1.67 100.1 2.98× 1010
(2) 8.96 100.3 1.78× 1011
(3) 23.2 101.4 3.22× 1011
(4) 42.8 104.5 5.03× 1011
(5) 107 129 8.26× 1011
1 The temporal structure of realistic XFEL pulses is typically not
smooth at all, but rather very complicated and characterized by
a large number of spikes; see, e.g., Fig. 7 in [27]. Noteworthy,
after a few reflections the resulting pulse profile is substantially
smoothed and closely resembles a Gaussian pulse profile.
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FIG. 2: Dependence of N⊥/(PN) on the probe pulse duration
T and probe waist β = wx/w0 for ω = 12914 eV and P =
1.4 × 10−11. The pump laser parameters are those available
at HiBEF: W = 10 J, τ = 42 fs, λ = 800 nm, w0 = 1.7µm.
The red contours (1)-(5) mark the results obtained for the
probe pulse durations listed in Tab. II; for intermediate times
we use a smooth monotonic interpolation N(T ) of the these
values.
IV. RESULTS
In the present work we consider two different choices
for the relative polarization φ of the pump and probe
laser beams [26]. The total number of signal photons at-
tainable in a polarization insensitive measurement Ntot is
maximized for φ = π/2 and the number of polarization-
flipped signal photons for φ = π/4. We stick to these
two choices in the following, and provide results for
Ntot|φ=π/2 → Ntot and N⊥|φ=π/4 → N⊥ only.
Subsequently, we analyze the parameter dependence of
the signal accessible by three different observables: the
integrated number of polarization-flipped signal photons
N⊥ in Sec. IV A, the discernible number of polarization-
flipped signal photons N⊥> in Sec. IV B, and the total
number of discernible signal photons attainable in a po-
larization insensitive measurement Ntot> in Sec. IV C.
Noteworthy, the parameter dependencies of the consid-
ered observables are quite distinct.
A. Integrated number of signal photons
The ratio of the integrated number of signal photons
and the number of x-ray photons available for probing



















This result follows upon integration of the second line of
Eq. (11) over the polar angle ϑ.
In accordance with elementary plane-wave considera-
tions predicting a scaling of the signal photon number
∼ ω2E40 ∼ ω2W 2/(w40τ2) [32–34], Eq. (12) scales quadrat-
ically with both the probe photon energy ω and the pulse
energy of the pump W . However, in general the scaling of
Eq. (12) with the pump waist size w0 shows a slight devia-
tion from the above plane-wave prediction, and w40N⊥/N
still increases with w0. The factor
√
FβF0 slowly declines
with increasing both T and τ , such that the minimal pos-
sible values for T and τ maximize the birefringence signal.
Note, that all the parameters on the right-hand side of
(12) are independent of each other.
In Fig. 2 we highlight the behavior of N⊥/(NP) under
variations of the pulse duration T and waist wx of the
x-ray pulse.
One can see that the maximum is reached for β  0.

















Here, we have divided both sides of Eq. (12) by a factor
of P. As the combination NP corresponds to the num-
ber of background photons against which the signal N⊥
has to be distinguished in experiment, Eq. (13) counts
the maximum attainable number of polarization-flipped
signal photons per background photon. Hence, the cri-














= 1 . (14)
At HiBEF, the maximal achievable value for Eq. (13) is
N⊥/(NP) ' 1/40; cf. also Fig. 2.
For completeness, we note that for β  1 the signal
photons and the probe photons traversing the strong-field
region without interaction feature similar far-field diver-
gences [19]. Therefore, the ratio of signal to background
photons is actually well-described by Eq. (13) not only
for the integrated photon numbers but in fact also for
the differential photon numbers associated with arbitrary
emission directions.
B. Discernible polarization-flipped signal photons
In a next step, we study the discernible number of
polarization-flipped signal photons, i.e., the number of
polarization-flipped signal photons scattered outside the
forward cone of the probe beam. Signal photons are dis-






for the differential numbers of polarization-flipped signal
photons (11) and the photons available for probing (6).
As the far-field divergence of the signal is generically
6
larger or equal the far-field divergence of the probe beam
[19], for dN⊥/(ϑdϑ)|ϑ=0 < P dN/(ϑ dϑ)|ϑ=0, there is al-
ways an angle ϑ= such that signal photons emitted under
an angle of ϑ ≥ ϑ= fulfill the criterion (15). This angle


























Integrating Eq. (11) over all angles ϑ ≥ ϑ=, we arrive
at the following expression for the discernible number of
signal photons





























As these signal photons are discernible from the back-
ground by definition, we are generically interested di-
rectly in their number and not in their number normal-
ized by the number of background photons. For later
reference, we nevertheless also introduce the number of
background photons scattered into the angular regime
ϑ ≥ ϑ= as N>. This number follows readily from Eq. (6).
The parameter dependence of the discernible signal is
more complicated than that of the integrated number dis-
cussed in Sec. IV A. In Fig. 3 we highlight the dependence
of the discernible signal on both the pulse duration TP
and the waist wx of the x-ray probe. The growth of N⊥>
with TP can be explained by the increase of the number
of XFEL photons available for probing, i.e., is due to the
non-trivial correlation betweenN and T ; see Tab. II. This
implies that in contrast to the behavior observed for the
ratio N⊥/(PN) in Sec. IV A, for the discernible signal the
optimal choice for the pulse duration is the largest one.
Recall, that the ratio N⊥/(NP) is the decisive quantity
for experiments aiming at measuring integrated signal
photon numbers without resorting to an explicit discerni-
bility criterion. Apart from that, the maximal number of
discernible signal photons is achieved for a finite probe
waist, and not for β → 0 as for N⊥/(PN).
The high quality of our approximation, even allows us
to find the optimal x-ray waist woptx = βoptw0 by differ-






















FIG. 3: Dependence of the discernible signal N⊥> on the
probe pulse duration TP and probe waist β = wx/w0 for ω =
12914 eV and P = 1.4×10−11. The pump laser parameters are
those available at HiBEF: W = 10 J, τ = 42 fs, λ = 800 nm,
w0 = 1.7µm. The maximum number of N⊥> ' 0.01/shot
(N⊥> ' 36/hour for a repetition rate of 1 Hz) is reached for
(5): TFWHM = 107 fs and wx ' 2.1w0. The red contours
(1)-(5) mark the results obtained for the probe pulse dura-
tions listed in Tab. II; for intermediate times we use a smooth










∈ (0, 1] . (20)
Note, that χ decreases with growing βopt.
For χ ∈ (0, 1] also the right-hand side of Eq. (19) takes
values from the interval (0, 1]. Hence, the necessary cri-
terion for the existence of an optimal x-ray waist maxi-













≤ 1 . (21)
Equation (19) has no solution in the complementary pa-
rameter regime. From the fact that the right-hand side of
Eq. (19) scales inversely with βopt, we can moreover infer
that the larger Eq. (21), the smaller the optimal x-ray
waist. When the equality holds, i.e., the criterion (14)
is met, βopt → 0. In this case all the photons become
discernible.
Figure 4 exemplifies the dependence of the discernible
signal N⊥> on the probe waist for different pump pulse
energies W and polarization purities P: for pump pulse
energies meeting the criterion (21), N⊥> features a maxi-
mum at a finite value of β. The location βopt of the max-
imum allows us to infer the optimal waist woptx . From
Fig. 4 it is clear that the optimal waist decreases with
increasing pump energy.
Moreover, specifically the inset in the upper panel of
Fig. 4 illustrates that the pump energy dependence of the
7
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FIG. 4: Upper panel: dependence of N⊥> (normalized) on
the pump pulse energy W for a polarization purity of P =
1.4 × 10−11. The inset highlights the β-dependence of the
exponent 2κ of the pump pulse energy; recall that N⊥> ∼
W 2κ. Lower panel: dependence of N⊥> on the polarization
purity P for W = 10 J. The inset highlights the β-dependence
of the exponent 1 − κ of the polarization purity; recall that
N⊥> ∼ P1−κ. The XFEL pulse duration is fixed to option (5)
in Tab. II. The other parameters are fixed to those available
at HiBEF: ω = 12914 eV, τ = 42 fs, λ = 800 nm, w0 = 1.7µm.
To obtain a feeling for the vertical scales in the upper and
lower panels, note that the blue dashed lines in both panels
are for the same other.
effect is enhanced for decreasing β. Recall, that Eqs. (17)
and (18) imply that N⊥> ∼W 2κ. For the HiBEF param-
eters given above (W = 10 J), the optimal probe waist
is woptx ' 2.1w0. The exponent governing the pump en-
ergy dependence associated with this value is 2κ ' 2.3.
Hence, for the choice of wx = w
opt
x ' 2.1w0 this expo-
nent governs the behavior of the signal N⊥> with regard
to moderate changes of the pump pulse energy at HiBEF.
On the other hand, the inset in the lower panel of Fig. 4
highlights that the dependence of N⊥> ∼ P1−κ on the
polarization purity is also enhanced for decreasing β. For
the HiBEF parameters with wx = w
opt
x ' 2.1w0, the
value of the exponent governing the dependence of the
signal photon number on P is 1− κ ' −0.14.
We note that in the parameter regime relevant for an
vacuum birefringence experiment at XFEL we generically
have 1 − κ  2κ, such that the dependence of N⊥> on
P is much weaker than that on W . This immediately
suggests that an increase of the pump pulse energy by
a given factor is more effective for enhancing the signal
than an improvement of the polarization purity by the
same factor.
Finally, in an attempt to compare the observable N⊥>
analyzed in the present section with N⊥/(NP) discussed
in Sec. IV A, we consider the analogous ratio for the num-
ber of signal photons per background photon scattered
outside the discernibility angle ϑ=,
N⊥>
N>P





This ratio counts the number of discernible polarization-
flipped signal photons per background photon. It de-
pends only on geometric properties of the experimen-
tal setup. For the parameters available at HiBEF
and a probe waist of wx = w
opt
x ' 2.1w0 we have
N⊥>/(N>P) ' 8. A comparison with the value of
N⊥/(NP) ' 1/40 obtained below Eq. (14) exempli-
fies the huge enhancement potential of the study of dis-
cernible signals with respect to the integrated ones.
C. Total number of discernible signal photons
Finally, we study the discernible part of the total num-
ber of signal photons attainable in a polarization insen-






Due to the fact that generically dNtot/(ϑ dϑ)|ϑ=0 <
dN/(ϑ dϑ)|ϑ=0, there is always an angle ϑ= from which
onward this criterion is met. The explicit result for
ϑ= can be extracted from Eq. (6) and the first line of


























Upon integration of dNtot/(ϑ dϑ) over all polar angles
fulfilling ϑ ≥ ϑ=, we arrive at the following expression
for the discernible signal,





















with exponent κ defined in Eq. (18). Obviously, the pa-
rameter dependence of Ntot> is very similar to the one in-
ferred for N⊥> in Sec. IV B. In fact, Eq. (25) follows from
Eq. (17) upon substituting P → 1 and α4 → 196α4/9.
As no high-definition polarimetry is required for the
detection of this quantity, the probe pulse durations T
available for measuring Ntot> are those given in the sec-
ond column of Table II.
Figure 5 highlights the dependence of Ntot> on the
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FIG. 5: Dependence of the number of discernible signal pho-
tons Ntot> on the probe pulse duration T and the focal spot
ratio β = wx/w0 for a photon energy of ω = 12914 eV.
The pump laser parameters are those available at HiBEF:
W = 10 J, τ = 42 fs, λ = 800 nm, w0 = 1.7µm. The maxi-
mum number of Ntot> ' 0.07/shot (Ntot> = 241/hour for a
repetition rate of 1 Hz) is reached for (5): TFWHM = 107 fs
and wx ' 4.5w0. The red contours (1)-(5) mark the results
obtained for the probe pulse durations listed in Tab. II; for
intermediate times we use a smooth monotonic interpolation
N(T ) of the these values.
probe pulse duration T and probe waist wx for the pa-
rameters available at HiBEF. A comparison with Fig. 3
unveils that the maximum value for Ntot> is about a fac-
tor of 7 larger than the maximum value for N⊥>. Also
note that the substantial difference in the values of wx
for these maxima: for the polarization-flipped signal we
have wx ' 2.1w0, and for the discernible signal studied
here wx ' 4.5w0.
For the present observable, the analogue of the condi-





















with χ defined in Eq. (20). For the HiBEF parameters
this condition predicts an optimal probe waist of woptx '
4.5w0 in accordance with the value inferred from Fig. 5.
Noteworthy, for Ntot> the optimal waist is very stable
with respect to variations of all experimental parameters.
At the same time, the ratio counting the numbers of
signal photons per background photon reads
Ntot>
N>





Interestingly, this result exactly matches Eq. (22). For
the HiBEF parameters and wx = w
opt
x ' 4.5w0 we find
Ntot>/N> ' 32.6.
The dependence Ntot> ∼ W 2κ matches the one for
N⊥>. However, as noted above, in the present case the





FIG. 6: Dependence of N⊥> and Ntot> (normalized) on the
pump pulse energy W . The XFEL pulse duration is fixed
to option (5) in Tab. II. The other parameters are fixed to
those available at HiBEF: ω = 12914 eV, P = 1.4 × 10−11,
τ = 42 fs, λ = 800 nm, w0 = 1.7µm. The curves for N⊥>
agree with those plotted in the upper panel of Fig. 4.
value of the optimal probe waist is larger. Hence, for the
HiBEF parameters we arrive at a slightly different value
of the exponent as in Sec. IV B: for the present observable
the exponent is given by 2κ ' 2.06. See Fig. 6 for a more
detailed study of the pump energy dependence of both
observables.
Because no high-definition polarimetry is needed for
the measurement of Ntot>, we are essentially free in
choosing the probe photon energy ω. On the other hand,
the number of photons available for probing at XFEL de-
pends on the chosen value of ω, such that N → N(ω);
see Tabs. C.1-C.6 of Ref. [27] for the explicit values for
various values of ω. From Eq. (25) one can see that Ntot>
scales with ω as Ntot> ∼ N(ω)ω2κ, where 2κ ' 2.06; see
the inset in Fig. 7 highlighting this dependence for the
European XFEL.
Figure 7 demonstrates that Ntot> is essentially in-
sensitive to changes of the probe photon energy in the
wide range of 8.27 keV ≤ ω ≤ 41.3 keV. At the Euro-
pean XFEL, the maximum value of the discernible signal
would be obtained for the smallest considered frequency
of ω = 8.27 keV. However, the gain relative to the photon
energy of ω = 12914 eV assumed throughout this work is
insignificant.
V. CONCLUSIONS AND OUTLOOK
In the present work, we have constructed an improved
analytic approximation for the differential numbers of
signal photons encoding the experimental signature of
vacuum birefringence and diffraction in the head-on col-
lision of an XFEL probe with a high-intensity laser pump.
Our approximation allows for quantitatively accurate
studies of the prospective signals; the relative deviation
to the corresponding exact, numerical results is below the
1% level. One of the key advantages of our analytical re-
sults is the possibility of a direct study of the behavior
of the signal under the variation of various experimental
9
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FIG. 7: Dependence of the discernible signal Ntot> on β =
wx/w0 for T
FWHM = 107 fs and different probe photon en-
ergies ω, but fixed other parameters of HiBEF: W = 10 J,
τ = 42 fs, λ = 800 nm, w0 = 1.7µm. The inset shows the
scaling of Ntot> at the optimal waist of βopt ' 4.5 with ω for
2κ ' 2.06; recall that Ntot> ∼ N(ω)ω2κ.
parameters.
Focusing on the experimental parameters available at
HiBEF at the European XFEL, and explicitly taking
into account the non-trivial dependence of the number
of XFEL photons available for probing on the XFEL
pulse duration and photon energy, we determined the
optimal choices for the parameters in experiment such
as to maximize the signal. To this end, we analyzed
three distinct experimental observables, namely the in-
tegrated number of signal photons N⊥, the discernible
number of polarization-flipped signal photons N⊥> and
the discernible number of signal photons attainable in a
polarization insensitive measurement Ntot>. We showed
that, due to the distinct parameter dependencies, the
optimization of each of these observables requires dif-
ferent choices of the beam waist of the probe. More-
over, we demonstrated that maximizing the integrated
(discernible) signal photon number requires choosing the
minimal (maximal) probe pulse duration.
We expect our results to be of large relevance for
the identification of the optimal parameters for exper-
iments aiming at the detection of vacuum birefringence
in XFEL/high-intensity laser setups, particularly the one
put forward at HiBEF.
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